Abstract. In this paper, we introduce the concept of S 2 -weighted pseudo almost automorphy for stochastic processes. We study the existence and uniqueness of square-mean weighted pseudo almost automorphic solutions for the semilinear stochastic integral equation
Introduction
The almost automorphic function introduced by Bochner [1] is a generation of the almost periodic function. Henriquez and Lizama [3] investigated the existence and regularity of compact almost automorphic solutions for the semilinear integral equation u(t) = solutions for problem (1.1). Zhang [5] introduced the pseudo almost periodic function and studied the pseudo almost periodic solutions of some differential equations.
Liang [8] developed the theory of the pseudo almost automorphic function, which is a generation of the pseudo almost periodic function. Zhao et al [9] considered the existence and uniqueness of pseudo-almost automorphic mild solutions for problem (1.1).
Diagana and N'Guérékata [6] introduced the concept of S p -almost automorphy to study the existence of solutions to some semilinear equations. The S p -almost automorphic function is a generalization of the almost automorphic function. Ding et al. [7] established a composition theorem about S p -almost automorphic functions and studied the existence and uniqueness of almost automorphic solutions for semilinear evolution equations in Banach space. Lizama and Ponce [12] studied the existence of an almost automorphic mild solution for problem (1.1) with S p -almost automorphic coefficients. Zhang et al. [13] introduced the concept of S p -weighted pseudo almost automorphy and studied the existence and uniqueness of S p -weighted pseudo almost automorphic solutions to nonautomous evolution equations. Xia and
Fan [10] proposed the concept of weighted Stepanov-like pseudo almost automorphic functions, studied the properties of the weighted Stepanov-like pseudo almost automorphic functions in Banach space. Zhang and Chang [14] investigated the existence of weighted pseudo almost automorphic solution for problem (1.1) with S p -weighted pseudo almost automorphic coefficients.
In the real world, stochastic noises are unavoidable. Fu and Liu [21] introduced the square-mean almost automorphic process and investigated the square-mean almost automorphic mild solution for a class of stochastic differential equations. Chen and Lin [22] introduced the concept of the square-mean pseudo almost automorphic for a stochastic process and studied the existence, uniqueness and global stability of the square-mean pseudo almost automorphic solutions for a class of stochastic evolution equations. Chen and Lin [15] introduced the concepts and properties of the square-mean weighted pseudo almost automorphy for a stochastic process, they investigated the well-posedness of the square-mean weighted pseudo almost automorphic solutions for a class of non-autonomous stochastic differential equa- To the best of our knowledge, there are no considerations for problem (1.1)
perturbed by stochastic noises. In this paper, we study the existence of weighted pseudo almost automorphic solutions for following the stochastic integral equation
where a ∈ L 1 (R + ), A is the generator of an integral resolvent family on a Hilbert space H, w(t) is the two-sided Q-Wiener process, f, ϕ :
two S 2 -weighted pseudo almost automorphic functions satisfying some conditions. The paper is organized as follows. In Section 2, we recall some concepts and preliminary facts. In Section 3, we introduce the concept of S 2 -weighted pseudo almost automorphy and obtain some properties of S 2 -weighted pseudo almost automorphic functions. In Section 4, we study the existence and uniqueness of square-mean weighted pseudo almost automorphic solutions for problem (1.2).
Preliminaries
Let (H, · ) be a separable real Hilbert space and let (Ω, F , P ) be a complete probability space. L 2 (P, H) denotes the space of all H-valued random variables x such that E x 2 = Ω x 2 dP < ∞, which is a Banach space equipped with the norm
The collection of such functions will be denoted by W P AAS 2 (R, L 2 (P, H), ρ).
Proof. Let f = g+h, where g ∈ SAA(R, L 2 (P, H)) and h ∈ SP AA 0 (R, L 2 (P, H), ρ).
It is easy to see that
The proof is complete.
Lemma 3.3. Suppose ρ ∈ U T and lim T →∞ sup
Proof. We prove this lemma by contradiction. If this is not true, then there are t 0 ∈ R and ε > 0 such that
where
By the Minkowski inequality, for every t ∈ t 0 + B ε , we have
By (3.1) and (3.2), we have
This is contradict with
Theorem 3.4. Suppose ρ ∈ U T and lim T →∞ sup
is a Cauchy sequence with respect to · S 2 . By definition, there exist g n and h n such that f n = g n + h n , where
Taking T → ∞ and then taking n → ∞ with respect to both sides of (3.3), we have
, is said to be Stepanovlike weighted pseudo almost automorphic (or S 2 -weighted pseudo almost automorphic) if it can be expressed as f = g +h, where g ∈ AS 2 (R×L 2 (P, H), L 2 (P, H)) and
The collection of such functions will be denoted by
t ∈ R, then for any ε > 0, there exists δ > 0 such that x, y ∈ K ′ and E x − y 2 < δ
imply that
Taking any compact subset E ⊂ R, there exists
for all x, y ∈ K ′ with E x − y 2 < δ. H) ), for every sequence of real numbers {s ′ n }, there exist a subsequence {s n } and a function f :
as n → ∞ pointwise on R and for each x ∈ L 2 (P, H).
follows that for every sequence of real numbers {s
as n → ∞ pointwise on R.
Since K = {u(t) : t ∈ R} is compact, by (3.7), it follows that v(t + s) ∈ K for a.e. s ∈ [0, 1]. By the assumption of the lemma, for any ε > 0, there exists a δ > 0
By the Minkowski's inequality, we get
From the above arguments and (4.5), it follows that
for each t ∈ R. Similarly, we can show that
Suppose that the following conditions (i) and (ii) are satisfied:
for all x, y ∈ L 2 (P, H) and t ∈ R.
(ii) g(t, x) is uniformly continuous in any bounded subset K ′ ⊂ L 2 (P, H) uniformly for t ∈ R.
Proof. By definition, f can be decomposed as
By Lemma 3.6, we have g(·, u 1 (·)) ∈ AS 2 (L 2 (P, H)). We will show that
there exists δ > 0 such that
By (ii), since K = {u 1 (t) : t ∈ R} is compact, there exist finite open balls
By the Minkowski's inequality, for T > T 1 , we have
By (3.9) and (3.10), we have
Main Results
In this section, we consider the existence and uniqueness of weighted S 2 -pseudo almost automorphic solutions for the stochastic integral equation (1.2). 
(ii) S(t) commutes with A for each t ≥ 0; (iii) the following integral resolvent equation holds
for all x ∈ D(A) and a.a. t ≥ 0.
In the following, we recall the concept of Q-Wiener process. For more details, we refer to [16] . Let K and H be separable Hilbert spaces and Q a self-adjoint nonnegative definite trace-class operator on K. The associated eigenvectors forming an orthonormal basis in K will be denoted by
Hilbert space with an orthonormal basis {λ H) the space of Hilbert-Schmidt norm of an operators from K Q to H. Let {w j (t)} t≥0 , j = 1, 2, . . ., be a sequence of independent Brownian motions defined on (Ω, F , P, F t ).
The process w(t) = ∞ j=1 λ 1 2 j w j (t)e j is called a Q-Wiener process in K. The twosided K-valued Q-Wiener process can be defined as follows: let {w i (t), t ∈ R}, i = 1, 2, be independent K-valued Wiener processes, then
is a two-sided K-valued Q-Wiener process.
Proposition 4.2. Let a ∈ L 1 (R) and w(t) be a two-sided K-valued Q-wiener process. Suppose that A generates an integral resolvent family {S(t)} t≥0 on X,
s. for all t ∈ R, and
Then the unique solution of the problem
is given by
Proof. Since f (t) ∈ D(A) and A is a closed linear operator, from Proposition 1.1.7 in [19] , it follows that 
Motivated by Proposition 4.2, we give the definition of mild solutions for (1.2).
Definition 4.3. Let A be the generator of an integral resolvent family {S(t)} t≥0 .
An F t -progressively measurable stochastic process {x(t)} t∈R satisfying the stochastic integral equation
is called a mild solution for (1.2).
We list the following assumptions:
(H 1 ) The operator A is the generator of an integral resolvent family {S(t)} t≥0 on
, and there exists a constant L > 0 such that
for all t ∈ R and each x, y ∈ L 2 (P, H).
Lemma 4.4. Let S(t) be an integral resolvent family satisfying (H 1 ), where
with the weight function ρ, and F (t), Ψ(t) are given by
For n = 1, 2, . . ., set
Ψ n (t) = y n (t) + β n (t). In order to show that F n , Ψ n are weighted pseudo almost automorphic processes, we need to verify x n , y n ∈ SAA(R, L 2 (P, H)) and α n , β n ∈
n n−1 g 1 (s − τ ) dτ , by the Schwartz inequality, we have
Since ∞ n=1 φ 2 (n) < ∞, it follows from the Weirstrass theorem that the sequence of partial sums Similarly, we can show that E x n (t − s m ) − x n (t) 2 → 0 as m → ∞.
Then x n (t) ∈ SAA(R, L 2 (P, H)). Hence x(t) ∈ SAA(R, L 2 (P, H)).
By the Ito's isometry property of stochastic integral (See [17] , Corollary 3.1.7),
we have
Since ∞ n=1 φ 2 (n) < ∞, the sequence of partial sums n k=1 y k (t) is uniformly convergent on R. Set y(t) := t −∞ S(t − τ )g 2 (τ )dw(τ ). Then y(t) = ∞ n=1 y n (t). It is obvious that y(t)
